Abstract. Let {ρ ℓ } ℓ be the system of ℓ-adic representations arising from the ith ℓ-adic cohomology of a complete smooth variety X defined over a number field K. Denote the image of ρ ℓ by Γ ℓ and its Zariski closure, which is a linear algebraic group over Q ℓ , by G ℓ . We prove that G red ℓ , the quotient of G • ℓ by its unipotent radical, is unramified over a totally ramified extension of Q ℓ for all sufficiently large ℓ. We give a sufficient condition on {ρ ℓ } ℓ such that for all sufficiently large ℓ, Γ ℓ is in some sense maximal compact in G ℓ (Q ℓ ). Since the condition is satisfied when X is an abelian variety by the Tate conjecture, we obtain maximality of Galois actions for abelian varieties.
Introduction
The main goal of this paper is to generalize to all abelian varieties the following well known theorem of Serre [Se72] : Theorem 1.1. Let X be a non-CM elliptic curve over a number field K, and let T ℓ (X) denote the ℓ-adic Tate module of X. Then for all ℓ sufficiently large, the natural map Gal K → Aut(T ℓ (X)) = GL 2 (Z ℓ ) is surjective.
Serre later extended this result [Se85] . If X is an abelian variety, EndK(X) = Z, and n is odd (or n ∈ {2, 6}), the image of Gal K in Aut(T ℓ (X)) = GL 2n (Z ℓ ) is GSp 2n (Z ℓ ). The cases covered by this extension are rather special from a group-theoretic point of view, however.
In formulating our generalization, we work in the setting ofétale cohomology. Let X be a projective non-singular variety defined over a number field K. Fix an algebraic closureK and an integer i. The ℓ-adic cohomology group H i (XK, Q ℓ ) is a Q ℓ -vector space acted on by the absolute Galois group Gal K := Gal(K/K) for all primes ℓ. Let n be the common dimension of H i (XK, Q ℓ ) for all ℓ. We obtain by Deligne [De74] a strictly compatible system of ℓ-adic representations {ρ ℓ : Gal K → GL n (Q ℓ )} ℓ in the sense of Serre [Se98, Chapter 1]. The image of ρ ℓ , denoted by Γ ℓ , is a compact ℓ-adic Lie subgroup of GL n (Q ℓ ).
The algebraic monodromy group of ρ ℓ , denoted by G ℓ , is defined to be the Zariski closure of Γ ℓ in GL n,Q ℓ . There exists a finite extension L/K such that ρ ℓ (Gal L ) ⊂ G • ℓ (Q ℓ ) for all ℓ (see [Se81, p.6, 17] , [Se84b, §2.2.3] .) The conjectural theory of motives together with the celebrated conjectures of Hodge, of Tate, and of Mumford-Tate predict the existence of a common connected reductive Q-form G Q of G • ℓ for all ℓ (see [Se94, §3] ). Then the conjectures on maximal motives [Se94, 11.4, 11 .8] of Serre imply that if G denotes any extension of G Q to a group scheme over Z[1/N] for some N, the compact subgroup ρ ℓ (Gal L ) is in some sense maximal in G(Z ℓ ) if ℓ is sufficiently large.
Formulating what maximality should mean is somewhat delicate. For instance, if X is an abelian variety of dimension g, then H i (XK, Q ℓ ) ∼ = i H 1 (XK, Q ℓ ) for all 0 ≤ i ≤ 2g. In the case of abelian surfaces with endomorphism ring Z, the Galois image for H 2 (XK, Q ℓ ) is GSp 4 (Z ℓ )/{±Id} for ℓ ≫ 0. This is not a maximal compact subgroup of GSp 4 /{±Id}(Q ℓ ).
Denote Γ ℓ ∩ G Conjecture 1.2. [La95] Let {ρ ℓ } ℓ be the system of ℓ-adic representations arising from the ith ℓ-adic cohomology of a complete non-singular variety X/K. Then the ℓ-adic Lie group Γ sc ℓ is a hyperspecial maximal compact subgroup of G sc ℓ (Q ℓ ) for all sufficiently large ℓ. It is also proved in [La95] that the assertion on Γ sc ℓ holds for a density 1 subset of primes ℓ. In [HL16] , we proved Conjecture 1.2 for type A Galois representations. Although Conjecture 1.2 is implied by the more general maximal motives conjectures of Serre, it is formulated without using other conjectures. The connections between these conjectures are discussed in [HL15] .
The image of H i (XK, Z ℓ ) is a lattice in H i (XK, Q ℓ ). Letρ ss ℓ : Gal K → GL n (F ℓ ) be the semisimple reduction of ρ ℓ , i.e., the semisimplification of the representation obtained by reducing ρ ℓ modulo this lattice, and denote the image ofρ ss ℓ by G ℓ . By the Brauer-Nesbitt theorem, this does not depend on the choice of lattice. There exist a finite extension L/K and a connected reductive subgroup G ℓ (called the algebraic envelope of G ℓ ) of GL n,F ℓ for every ℓ ≫ 0 such thatρ ss ℓ (Gal L ) is a subgroup of G ℓ (F ℓ ) of index bounded above by a constant independent of ℓ ≫ 0 [Hu15, Theorem A]. In this paper we give a sufficient condition (Theorem 1.3) for Conjecture 1.2 and prove the conjecture for abelian varieties (Theorem 1.8).
Theorem 1.3. Let {ρ ℓ } ℓ be the system of ℓ-adic representations arising as the semisimplification of the ith ℓ-adic cohomology of a complete non-singular variety X defined over a number field K. We assume K is large enough such that G ℓ is connected for all ℓ and G ℓ :=ρ ss ℓ (Gal K ) ⊂ G ℓ (F ℓ ) for all sufficiently large ℓ. Denote the image of Gal K under ρ ℓ by Γ ℓ . If the commutants of Γ ℓ and G ℓ have the same dimension for all sufficiently large ℓ, i.e.,
ℓ is a hyperspecial maximal compact subgroup of G sc ℓ (Q ℓ ) for all sufficiently large ℓ.
Note that if we prefer to work with the actual representation of Gal K rather than its semisimplification, we can reformulate Theorem 1.3 in terms of G red ℓ , which we define to be the quotient of G ℓ by its unipotent radical.
Remark 1.4. The group G ℓ acts semisimply on F n ℓ for all sufficiently large ℓ (see Proposition 3.6(i)).
Remark 1.5. Let K ′ /K be a finite extension. Then ( * ) also holds for K ′ (see Proposition 3.6(ii)).
Corollary 1.6. Let {ρ ℓ } ℓ be the system in Theorem 1.3. Then G ℓ is unramified for all sufficiently large ℓ.
Without the hypothesis ( * ) we cannot prove the existence of a Q ℓ -rational Borel subgroup, but we still have a non-trivial result by the main results of [Hu15] and Bruhat-Tits theory [Ti79]: Theorem 1.7. Let {ρ ℓ } ℓ be any system of ℓ-adic representations arising from the semisimplification of the ith ℓ-adic cohomology of a complete smooth variety X defined over a number field K. Then the following statements hold for all sufficiently large ℓ.
This is what we would expect if all the G ℓ arise from a single group over Q, as claimed by the Mumford-Tate conjecture. Note that Theorem 1.7(i) follows directly from the method of Frobenius tori [Se81] . Now, suppose X is an abelian variety and i = 1. Then the semisimplicity of the Galois representation of Gal K is a theorem of Faltings, so ρ ℓ just comes from the action of Gal K on cohomology. Moreover, ( * ) holds by the Tate conjecture for abelian varieties (also proved by Faltings), together with a slight refinement to treat the (mod ℓ) case for large ℓ [Fa83, FW84] . Since
for the abelian variety X, the conclusion of Theorem 1.3 holds for any i. Theorem 1.8. Let {ρ ℓ } ℓ be the system of ℓ-adic representations arising from the ith ℓ-adic cohomology of an abelian variety X defined over a number field K. Then Γ sc ℓ is a hyperspecial maximal compact subgroup of G sc ℓ (Q ℓ ) for all sufficiently large ℓ. Corollary 1.9. Let {ρ ℓ } ℓ be the system in Theorem 1.8. Let G be a connected reductive affine group scheme defined over Z[1/N] for some N ≥ 1 such that (i) the derived group scheme G der of G is simply connected;
Example: Let X/K be an abelian variety of dimension g. Suppose the algebraic monodromy group of the representation H 1 (XK, Q ℓ ) is GSp 2g for all ℓ. Then [Γ ℓ , Γ ℓ ] = Sp 2g (Z ℓ ) for all sufficiently large ℓ. Remark 1.10. By a specialization argument [Se81, §1] and an ℓ-independence result for specializations [Hu12, Corollary 1.6], one can prove that Theorem 1.8 and hence Corollary 1.9 also hold when K is a field finitely generated over Q.
Remark 1.11. Serre originally stated Theorem 1.1 as a variant of an "adelic openness" result: the image of Gal K in GL 2 (Ẑ) is open. Our result also has an "adelic" version, which must be stated carefully since we do not know that the groups G ℓ come from a common algebraic group over Q. Details are given in [HL15] .
Let us describe the idea behind Theorem 1.3. Suppose we are in the situation of the above example, i.e., G ℓ = GSp 2g for all ℓ. Then we have Γ ℓ ⊂ GSp 2g (Z ℓ ) for all ℓ and we would like to show that [Γ ℓ , Γ ℓ ] = Sp 2g (Z ℓ ) for all sufficiently large ℓ. By taking mod ℓ reduction, we obtain
acting semisimply on the ambient space for ℓ ≫ 0 by Faltings [Fa83, FW84] . For all sufficiently large ℓ, we have
by [Hu15, Theorem A, Corollary B] and ( * ), which now reads
, follows from the Tate conjecture [Fa83, FW84] . Nori's theory [No87] (see §2.1 below) together with (1) produces for each ℓ a semisimple algebraic subgroup S ℓ ⊆ Sp 2g,F ℓ of GL 2g,F ℓ , which is a kind of algebraic group approximation of (1). Via this approximation, equations (2) and ( * ) imply that S ℓ and Sp 2g,F ℓ have the same absolute rank and the same commutant in End 2g,F ℓ for ℓ ≫ 0. By the Borel-de Siebenthal Theorem [BdS49] , S ℓ = Sp 2g,F ℓ for ℓ ≫ 0. From this, we obtain
for ℓ ≫ 0 by [No87, Theorem B, Theorem C] and [HL16, Theorem 4(iii)]. Finally, it follows from a result of Vasiu [Va03] 
Various technicalities of a group-theoretic nature are required to implement this idea in the general case. In particular, the Tate conjecture gives a comparison between the reductive groups G ℓ and G ℓ , while what is needed for the Borel-de Siebenthal Theorem is a comparison between semisimple groups. Likewise, Bruhat-Tits theory works best for simply connected semisimple groups, but it is also useful for the groups we work with to be subgroups of GL n . Much of the technical work in the paper justifies moving back and forth between a reductive group, its derived group, and the universal cover of the derived group.
Section 2 assembles results from group theory that are needed, including Nori's theory, our theory of ℓ-dimensions and ℓ-ranks, BruhatTits theory, and some results about centralizers. In Section 3, we work with Galois representations and prove the main results.
The second author gratefully acknowledges conversations with Richard Pink twenty years ago in which we developed an approach to proving Theorem 1.3 which is similar in some important respects to that employed in this paper. Although there are also major differences between this strategy and the methods of this paper, these discussions undoubtedly influenced the second author's thinking about the problem.
Conventions for groups
In order to keep track of the various kinds of groups that arise in this paper, we use the following system. Algebraic groups over a field of characteristic zero are represented in bold letters, e.g., G, H, S. Algebraic groups over a field of positive characteristic are indicated by underlined letters: G, H, S, . . . Group schemes are denoted by G and H. Capital Greek letters denote infinite groups, which are generally ℓ-adic Lie groups, while capital Roman letters denote finite groups.
We denote by ℓ a prime number and by F q a finite field of characteristic ℓ. Simple complex Lie algebras are denoted by g and h. We identify such algebras with their Dynkin diagrams, so instead of saying that SL n (F q ) and SU n (F q ) are both of type A n−1 , we may say they are of type g = sl n . For any field F , denote byF an algebraic closure of F . Letting G denote an algebraic group over a field F of characteristic zero, and Γ ⊂ G(F ) a subgroup, we denote by Z the identity component of the center of G,
the ring of n by n matrices with entries in a ring R. GL n (R) the group of units of M n (R).
2. Some group theoretic preliminaries 2.1. Nori's theory. Let n be a natural number and suppose ℓ ≥ n. Let G be a subgroup of GL n (F ℓ ). Whenever ℓ is bigger than a constant depending only on n, Nori's theory [No87] produces a connected F ℓ -algebraic subgroup S of GL n,F ℓ that approximates G.
The normal subgroup of G generated by G[ℓ] is denoted by G + . Define exp and log by
Denote by S the (connected) algebraic subgroup of GL n,F ℓ , defined over F ℓ , generated by the one-parameter subgroups
for all x ∈ G[ℓ]. Algebraic subgroups with the above property are said to be exponentially generated. Since S is generated by unipotent elements, S is an extension of a semisimple group by an unipotent group [No87, §3] . If y ∈ M n (F ℓ ) commutes with x, then it also commutes with log x and therefore with the algebraic group x t . Thus,
The following theorem approximates G + by S(F ℓ ).
Theorem 2.1. [No87, Theorem B(1), 3.6(v)] There is a constant C 1 (n) (depending only on n) such that if ℓ > C 1 (n) and G is a subgroup of
+ is a commutative group of order ≤ 2 n−1 .
A theorem of Jordan [Jo78] says that every finite subgroup G of GL n (C) has an abelian subgroup Z such that [G : Z] ≤ C 2 (n), where C 2 (n) is a constant depending only on n. The following theorem is a variant of Jordan's theorem in positive characteristic.
where F is a finite field of characteristic ℓ ≥ n. Then G has a commutative subgroup Z of prime to ℓ order such that Z · G + is normal in G and
where C 2 (n) is a constant depending only on n (and not on F, ℓ, G).
Note that the statement of [No87, Theorem C] does not explicitly assert that the order of Z is prime to ℓ, but this fact is stated in the introduction to the paper.
We have the following result due to Serre for S if G acts semisimply on the ambient space.
There is a constant C 3 (n) depending only on n such that if ℓ > C 3 (n), then the following statements hold.
(i) S is a semisimple F ℓ -subgroup of GL n,F ℓ .
(ii) The representation S → GL n,F ℓ is semisimple.
2.2. Galois cohomology. Let α : G → H be a central isogeny of connected reductive groups over a field F of characteristic 0 and C the kernel of α. Then C(F ) is abelian and there is an exact sequence of Galois cohomology groups
We have the following boundedness results for all sufficiently large ℓ.
Proposition 2.4. For all k there exists a constant C 4 (k) depending only on k such that if ℓ > C 4 (k), F is a finite extension of Q ℓ , and
and Gal L acts trivially on C(F ). By the inflationrestriction exact sequence, we obtain an exact sequence of abelian groups
Since [L : F ] is bounded in terms of k, the size of H 1 (Gal(L/F ), C(F )) is bounded above by some constant C 5 (k). Let S be the set of abelian extensions of L of degree less than k. For every element φ of
We just need to estimate the size of S. For every positive integer m, there is a unique degree m unramified extension over
is totally ramified and L ′ /L is unramified, it suffices to consider the number of totally ramified abelian extensions of L ′ of degree bounded above by k. By local class field theory, every such extension corresponds
q is cyclic, each such extension corresponds to a cyclic subgroup of F * q of index bounded above by k which has at most k possibilities.
Corollary 2.5. Let F be a finite extension of Q ℓ and Γ a subgroup of H(F ). Then the quotient
is an abelian group with size bounded above by C 4 (k) if ℓ is sufficiently large.
Proof. Since C(F ) is abelian, the first cohomology group H 1 (F, C(F )) is also abelian. Then the quotient
injects into H 1 (F, C(F )) and is therefore abelian. By Proposition 2.4, the size of the quotient is bounded above by C 4 (k) if ℓ is sufficiently large.
Proposition 2.6. If G is a connected, simply connected semisimple group over a finite extension F of Q ℓ and some inner twist of G is split, then if d denotes the order of the center of G(F ), for every finite extension
Proof. Let G 0 be the split form of G, and let C 0 denote the center of
. The non-abelian cohomology sequence of the central extension
gives an exact sequence
meaning, in particular, that the preimage of the distinguished element 0 ∈ H 2 (F, C 0 (F )) coincides with the image of
is the zero map. As G 0 is split, C 0 is a product of groups of the form µ n where n divides d. Thus, it suffices to prove that every class in Br(F ) n lies in ker(Br(F ) → Br(F ′ )) for every degree d extension F ′ /F . This follows from the fact [Se79, XIII Proposition 7] that at the level of invariants, the map Br(
2.3. ℓ-dimension and ℓ-ranks. In this subsection, we review the definitions of the ℓ-dimension and the ℓ-ranks (i.e., the total ℓ-ranks and the g-type ℓ-rank for varying simple Lie type g) of finite groups and profinite groups with open pro-solvable subgroups [Hu15, HL16] and state the results relating the dimension and the ranks of algebraic group G/F q to respectively the ℓ-dimension and the ℓ-ranks of G(F q ) [HL16] . Let ℓ ≥ 5 be a prime and g a simple complex Lie algebra (e.g., A n , B n , C n , D n , ...). Let G be a finite simple group of Lie type in characteristic ℓ. Then there exists some adjoint simple group G/F ℓ f so that
, the derived group of the group of F ℓ f -rational points of G. By base change toF ℓ , we obtain
where H is anF ℓ -adjoint simple group of some Lie type h. We then set the ℓ-dimension of G to be
and the total ℓ-rank of G to be
For example, PSL n (F ℓ f ) (resp. PSU n (F ℓ f )) has f (n 2 − 1) as the ℓ-dimension, f (n − 1) as both the A n−1 -type ℓ-rank and the total ℓ-rank. For simple groups (including abelian simple groups) which are not of Lie type in characteristic ℓ, we define the ℓ-dimension and g-type ℓ-rank to be zero. In particular, the ℓ-dimension and total ℓ-rank of Z/pZ are zero, even if p = ℓ. We extend the definitions to arbitrary finite groups by defining the ℓ-dimension, g-type ℓ-rank, and total ℓ-rank of any finite group to be the sum of the ranks of its composition factors. This makes it clear that dim ℓ , rk g ℓ , and rk ℓ are additive on short exact sequences of groups. In particular, the ℓ-dimension and the total ℓ-rank of every solvable finite group are zero. Our basic results on dim ℓ , rk g ℓ , and rk ℓ of finite groups are the following.
Proposition 2.7. Let G be a subgroup of GL n (F ℓ ) and S the algebraic group associated to G by Nori's theory ( §2.1). For all ℓ sufficiently large compared to n, the ℓ-dimension and the ℓ-ranks of G and S(F ℓ ) are identical.
Proof. The assertion follows directly from Theorem 2.1 and 2.2.
Proposition 2.8. [HL16, Proposition 3] Let ℓ ≥ 5 be a prime and G a connected algebraic group over F q , where q = ℓ f . The composition factors of G(F q ) are cyclic groups and finite simple groups of Lie type in characteristic ℓ. Moreover, let m g be the number of quasisimple factors of G ss × FqFq of simple type g. Then the following equations hold:
Theorem 2.9. [HL16, Theorem 4] Let G be a connected algebraic group over F q , where q = ℓ f , and G ⊂ G(F q ) a subgroup. If ℓ is sufficiently large compared to f · rk G, then the following statements hold:
for all Lie types g and G is simply connected and semisimple, then
Let F be a finite extension of Q ℓ with the ring of integers O F and the residue field F q . The definitions above are extended to certain infinite profinite groups, including compact subgroups of GL n (F ), as follows. If Γ is a finitely generated profinite group which contains an open pro-solvable subgroup, we define dim ℓ Γ := dim ℓ Γ/∆, rk g ℓ Γ := rk g ℓ Γ/∆, and rk ℓ Γ := rk ℓ Γ/∆ for any normal, pro-solvable, open subgroup ∆ of Γ. As the ℓ-dimension and the total ℓ-rank of every pro-ℓ group is zero, we have
and rk ℓ Γ = rk ℓ G, where G denotes the image in GL n (F q ) under the reduction of Γ with respect to an O F -lattice in F n stabilized by Γ. If Γ is a compact subgroup of GL n (F ) and ∆ is a closed normal subgroup, then
Definition 2.10. Two profinite groups are said to be comparable if their ℓ-ranks are the same for all types g.
In particular, this implies that they have the same ℓ-dimension and total ℓ-rank.
The following two lemmas follow easily from the above definitions, Corollary 2.5, and the conventions for groups in §1.
Lemma 2.11. Suppose the Zariski closure G of Γ in GL n,F is connected reductive. If ℓ is sufficiently large compared to n (independent of F/Q ℓ ), then the groups
Lemma 2.13. Let ∆ ⊆ Γ be compact subgroups of GL n (Q ℓ ). If ℓ is sufficiently large in terms of n, then
Proof. It suffices to prove the same inequality for the reduction D ⊆ G ⊆ GL n (F ℓ ). The Nori group of D is generated by a subset of the collection of unipotent groups generating the Nori group of G and is therefore a closed subgroup of that algebraic group. Both dimension and semisimple rank of a subgroup of any algebraic group are less than or equal to those of the ambient group, so the lemma follows from Proposition 2.7.
2.4. Bruhat-Tits theory. We briefly recall some basic facts from Bruhat-Tits theory, mainly from [Ti79] . The main goal of this subsection is Theorem 2.14.
Let F be a finite extension of Q ℓ and G a connected, semisimple algebraic group defined over F . The Bruhat-Tits building B(G, F ) is a PL-manifold, endowed with a G(F )-action that is linear on each facet. If F ′ is a finite extension of F , then there is a corresponding continuous injection of buildings
which is equivariant with respect to G(F ) ⊂ G(F ′ ) and maps vertices of B(G, F ) to vertices of B(G,
We may always take x to be the centroid of some facet. There exists a smooth affine group scheme G x over the ring of integers O F of F and an isomorphism i from the generic fiber of red in the case G = G x . The group G determines a pair of diagrams, the local Dynkin diagram (by which we mean the absolute local Dynkin diagram) and the relative local Dynkin diagram and a map from the former to the latter; the Dynkin diagram of (G Recall that a connected semisimple group G over a local field F is unramified if G has an F -rational Borel subgroup and G splits over an unramified extension of F . The group G is unramified if and only if B(G, F ) has a hyperspecial vertex.
Theorem 2.14. Let ℓ ≥ 5 be a prime. Let G be a connected semisimple group of (absolute) rank r over a local field F/Q ℓ with residue field F ℓ f and Γ a compact subgroup of G(F ).
(i) The total ℓ-rank of Γ is at most f r.
(ii) If rk ℓ Γ = f r, then G splits over an unramified finite extension of F . (iii) If rk ℓ Γ = f r, then there exists a positive integer d such that G is unramified over every totally ramified extension F t /F whose degree is divisible by d.
Proof. Replacing G by its simply connected cover and Γ by a suitable central extension, we may assume G is simply connected. It therefore factors as a product of groups G i which are simply connected and quasisimple. Let x denote a vertex of the building B(G, F ) stabilized by Γ. As Γ is a closed subgroup of the stabilizer of x, its total ℓ-rank is bounded above by that of B(G, F )
x by Lemma 2.13, so without loss of generality, we may assume Γ = B(G, F )
x . The building of G is the product of the buildings of the G i [Ti79, §2.1], so x = (x 1 , . . . , x k ), and
As rank is additive in products, it suffices to prove the theorem in the quasisimple case.
Thus, there exist a finite extension F ′ /F and an absolutely quasisim-
′ denotes the absolute rank of G ′ , ℓ f ′ is the order of the residue field of F ′ , and e is the ramification degree of F ′ /F , then 
, they hold for (G, F ), and without loss of generality, we may assume G is absolutely quasisimple.
As the kernel of
is pro-ℓ, the total ℓ-ranks of Γ and G x (F ℓ f ) are equal. Now G x (F ℓ f ) is the group of F ℓ f -points of an algebraic group which is the extension of the reductive group G red x by a unipotent group. Thus, rk ℓ G x (F ℓ f ) is f times the semisimple rank of G red x . We claim this is less than or equal to f r with equality only if G splits over an unramified extension and has a Borel over a totally ramified extension. In other words, the number of vertices in the local Dynkin diagram is at most one greater than the absolute rank of G, and G satisfies the stated conditions whenever there is equality and some vertex in the local Dynkin diagram is Galois-stable. By definition, the number of vertices in the local Dynkin diagram is one greater than the rank of G over the maximal unramified extension of F , so the inequality holds in general. When equality holds, the relative rank of G over F nr equals r, so G splits over F nr and therefore over some finite unramified extension of F . To list the cases when equality holds, we consult the tables [Ti79, § §4.2-4.3]; the possible types include all split types together with the following possibilities:
Every split group is already unramified. 
Corollary 2.15. Assuming, in the notation of Theorem 2.14, that rk ℓ Γ = f r, there exists a finite totally ramified extension F ′ of F , a smooth group scheme G over O F ′ with semisimple fibers, and an isomorphism i from the generic fiber of
Proof. This follows immediately from Theorem 2.14 and [La95, Lemma 2.4].
2.5. Commutants and semisimplicity. Let F be a finite extension of Q ℓ , V an n-dimensional F -vector space, Λ an O F -lattice in V , and Γ a closed subgroup of GL(Λ) ∼ = GL n (O F ) ⊂ GL n (F ) ∼ = GL(V ). If F ′ is a finite extension of F , we can regard Γ also as a subgroup of
We have the following results under this setting.
Lemma 2.16. The group Γ acts semisimply on V ′ if and only if it acts semisimply on V , and
Likewise, Γ acts semisimply on the reduction L := Λ/πΛ if and only if it acts semisimply on
Proof. This is clear.
Lemma 2.17. Let W be a subspace of V . Then Λ ∩ W is a direct summand of Λ.
Proof. As every finitely generated torsion-free module over a discrete valuation ring is free, it suffices to prove that Λ/Λ ∩ W is torsion-free. Let x ∈ Λ such that αx ∈ Λ ∩ W for some non-zero α ∈ O F . Then
Lemma 2.18. Let M be a free O F -module of finite rank and Γ a subgroup of Aut O F M. Then for all k ≥ 1,
Moreover, the inclusion is either proper for all k ≥ 1 or is an equality for all k ≥ 1.
Proof. We use the following diagram of cohomology sequences:
The first claim follows from the second row. As the rightmost vertical arrow is an isomorphism,
Lemma 2.19. Let F be a perfect field and V a finite-dimensional vector space over V . Let H be a subgroup of G ⊆ GL(V ). Let V ss be the semisimplification of G on V , H red and G red the images of H and G respectively in GL(V ss ). We have:
Proof. We identify V and V ss by fixing a Jordan-Hölder series 0
Let A and A red be respectively the F -algebras in End V and End V ss ∼ = End V spanned by G and G red . Then we obtain
By a theorem of Wedderburn [Ho45] , the surjection A → A red admits a splitting whose image we call B. By the Wedderburn-Malcev theorem [Op. cit.], the representation of B on V is isomorphic to that of A red on V ss , so
This gives (i).
The hypothesis on the dimensions of commutants implies End A V = End B V . Since B is semisimple, B cannot be a proper subspace of A by the double centralizer theorem. Hence, B = A and G acts semisimply on V , which gives (ii).
Since H acts semisimply on V , the representations H → GL(V ) and
Then (iii) follows from (i) and (ii).
Proposition 2.20. Let F be a characteristic zero local field with valuation ring O F and residue field F q . Let V be a finite-dimensional vector space over F and Γ a compact subgroup of GL(V ) which acts semisimply on V . The following conditions are equivalent: (i) For some Γ-stable lattice Λ of V , Λ ⊗ O F F q is semisimple, and
(ii) For every Γ-subrepresentation W of V and every Γ-stable lattice
(iii) The following two conditions hold: 
If W 1 and W 2 are complementary Γ-subrepresentations of V with Γ-stable lattices Λ 1 and Λ 2 respectively, then by Lemma 2.19 and the Brauer-Nesbitt theorem, we obtain
where equality holds only if Λ i ⊗ O F F q is semisimple for i = 1 and i = 2 and equality holds in (4) for W = W ′ = W 1 and W = W ′ = W 2 . This implies (ii).
Condition (ii) implies (iii-a) trivially and (iii-b) by setting
k is a decomposition of V into pairwise non-isomorphic Γ-representations, then choosing for each summand W 
a i , where the representations Λ i ⊗ O F F q are pairwise without common irreducible factor. Thus, Λ ⊗ O F F q is semisimple, and
Corollary 2.21. Let V be a finite-dimensional vector space over Q ℓ and Γ a compact subgroup of GL(V ) which acts semisimply on V . The following conditions are equivalent:
(i) For some Γ-stable lattice Λ of V , Λ W ⊗ F ℓ is semisimple, and
(ii) If F is a finite extension of Q ℓ with residue field F q such that every irreducible Γ-subrepresentation of V ⊗ F is absolutely irreducible, then the following two conditions hold: (a) If W is an irreducible Γ-subrepresentation of V ⊗ F , and 
Maximality of Galois actions
Let {ρ ℓ } ℓ be the system of ℓ-adic representations in Theorem 1.3. Recall that for each ℓ, ρ ℓ stabilizes the image of
denotes the semisimplification of the (mod ℓ) reduction of the action of Gal K on this lattice. Denote by G ℓ the imageρ ss ℓ (Gal K ) for all ℓ. In [Hu15] , we construct the algebraic envelope 1 G ℓ (a connected reductive subgroup of GL n,F ℓ ) of G ℓ to study the ℓ-independence of the total ℓ-rank and the g-type ℓ-rank of G ℓ for all sufficiently large ℓ. The idea of constructing such a G ℓ is due to Serre [Se86] , who considered the Galois action on the ℓ-torsion points of abelian varieties without complex multiplication (see also [Ca15] ).
3.1. The algebraic envelope. In this subsection, we describe the results of [Hu15] . For all ℓ sufficiently large, there exists a connected reductive F ℓ -subgroup G ℓ of GL n,F ℓ . Moreover, G ℓ = S ℓ Z ℓ where S ℓ is the semisimple subgroup of GL n associated to G ℓ by Nori's theory ( §2.1) and Z ℓ is the identity component of the center of G ℓ . Theorem 3.1 states some basic properties of the algebraic envelopes.
Theorem 3.1. [Hu15, Theorem 2.0.5, the proof of Theorem 2.0.5(iii)] After replacing K by a finite extension field if necessary, for all sufficiently large ℓ, the algebraic envelope G ℓ ⊆ GL n,F ℓ has the following properties:
(i) G ℓ is a subgroup of G ℓ (F ℓ ) whose index is bounded uniformly in ℓ; (ii) G ℓ acts semisimply on the ambient space; (iii) the representations {S ℓ → GL n,F ℓ } ℓ≫0 and {Z ℓ → GL n,F ℓ } ℓ≫0 have bounded formal characters.
Since Theorem 1.3 holds for K if it holds for any finite extension of K, we may and do assume henceforth that G ℓ ⊆ G ℓ (F ℓ ). Theorems 3.2 and Corollary 3.3 below are about the ℓ-independence of the embedding S ℓ ⊂ GL n,F ℓ and the ℓ-ranks of G ℓ for all sufficiently large ℓ.
We recall from [Hu15, Definition 3] that, over an algebraically closed field F (of any characteristic), if G F is a connected reductive algebraic group defined over F , T F is a maximal torus of G F , and V is a faithful n-dimensional representation of G F , the formal character of (G F , V ) with respect to T F is χ∈X
, where m χ denotes the multiplicity of the character χ of T F in V . If F is not algebraically closed, we extend scalars toF and use the same definition. We consider the formal characters of (G F 1 , T F 1 , V 1 ) and (G F 2 , T F 2 , V 2 ) to be the same if there exists an isomorphism X * (TF 1 ) → X * (TF 2 ) with respect to which the formal characters of (G F i , TF i , V i ) are the same. In particular, given (G F , V ) the formal character does not depend on the choice of maximal torus, which will therefore be omitted from the notation.
The formal character of (G F , V ) defines a partition p V of n = dim V by n = χ m χ . There is a natural partial ordering on the partitions of n given by refinement of partitions. Let g ∈ G F . The representation V induces a partition p g of n given by the generalized eigenvalues of g. Then we always have
and we say g is regular in (
Theorem 3.2. [Hu15, Theorem A] Let G ℓ be the algebraic monodromy group of ρ ℓ . After replacing K by a finite extension field if necessary, the following statements hold for all sufficiently large ℓ.
(i) The formal character of S ℓ → GL n,F ℓ is independent of ℓ and is equal to the formal character of G der ℓ ֒→ GL n,Q ℓ , the tautological representation of the derived group of G ℓ ;
(ii) The non-abelian composition factors of G ℓ and the non-abelian composition factors of S ℓ (F ℓ ) are in bijective correspondence. Thus, the composition factors of G ℓ are finite simple groups of Lie type in characteristic ℓ and cyclic groups.
Corollary 3.3. [Hu15, Corollary B] For all sufficiently large ℓ, the following statements hold.
(i) The total ℓ-rank of G ℓ is equal to the (absolute) rank of S ℓ and is therefore independent of ℓ. (ii) The A n -type ℓ-rank rk An ℓ G ℓ of G ℓ for n ∈ N\{1, 2, 3, 4, 5, 7, 8} and the parity of (rk A 4 ℓ G ℓ )/4 are independent of ℓ. 3.2. The condition ( * ). The main result of this subsection is to reduce the condition ( * ) of Theorem 1.3 to the semisimple part. Denote the commutants End Γ ℓ (Q n ℓ ) and End G ℓ (F n ℓ ) by respectively, Ξ ℓ and X ℓ . Lemma 3.4. Let F be a field, G a finite group, H a normal subgroup of G such that [G : H] is non-zero in F , and V a finite-dimensional Frepresentation of G. Then V is semisimple if and only if its restriction to H is so.
Proof. This is well known [CR88, §10, Exercise 8].
Lemma 3.5. Given integers k and N and ǫ > 0, for all ℓ sufficiently large, all k-dimensional tori T over F ℓ , and all characters χ of T (not necessarily defined over F ℓ ) not divisible by any integer greater than N, we have
Proof. If a subgroup of T (F ℓ ) lies in ker χ, then it lies in ker χ σ for all σ ∈ Gal F ℓ . All of the χ σ are k-bounded in the sense of [MR15, Appendix A], and it follows from Lemma A.2 of that paper (or, alternatively, from Proposition 1.4 and Theorem 1.10 of [LP11] ) that the number of components of the F ℓ -group
is bounded in terms of the bounds on χ. Since an r-dimensional torus over F ℓ has at least (ℓ − 1) r and at most (ℓ + 1) r points over F ℓ and since the dimension of (6) is less than dim T , Lemma 3.5 follows.
Proposition 3.6. Let H ℓ be a subgroup of G ℓ (F ℓ ) of index bounded above by a constant k. Then the following statements hold if ℓ sufficiently large.
By Theorem 2.2, if ℓ is sufficiently large, H + ℓ is of prime-to-ℓ index in H ℓ . Lemma 3.4 shows that H ℓ acts semisimply if and only if H
+ does so, if and only if G ℓ (F ℓ ) does so. Applying this in the special case that H ℓ = G ℓ , which acts semisimply by definition, we obtain (i).
For (ii) and (iii) it suffices to show that any element m ∈ M n (F ℓ ) that commutes with H ℓ must commute with G(F ℓ ). If m commutes with H ℓ , it commutes with H + ℓ , which equals S ℓ (F ℓ ) + , by Theorem 2.1. By (3), it commutes with S ℓ (F ℓ ). As
it suffices to prove that for ℓ sufficiently large (independent of m), m commutes with a bounded index subgroup of Z ℓ (F ℓ ) if and only if it commutes with Z ℓ (F ℓ ).
Decomposing End(F n ℓ ) into weight spaces under the action of Z ℓ , we show that for ℓ sufficiently large, any bounded index subgroup of Z ℓ (F ℓ ) acts non-trivially on every non-trivial weight space. We know by Theorem 3.1(iii), that every weight χ of Z ℓ appearing in the representation End(F
* is bounded independent of ℓ. Therefore, there exists N ∈ N such that every χ = 0 is not divisible by any integer greater than N for all ℓ ≫ 0. The proposition now follows from Lemma 3.5.
Let G ℓ denote the Zariski-closure of Γ ℓ = ρ ℓ (Gal K ). Assume K is chosen large enough such that G ℓ is connected (reductive) for all ℓ and
On the other hand, if ℓ ≥ 5, then S sc ℓ (F ℓ ) is the universal central extension of a product of finite simple groups of Lie type and therefore perfect. Thus, every element in the image of S sc ℓ (F ℓ ) → S ℓ (F ℓ ) is a commutator of S ℓ (F ℓ ). The converse is true as well, since the commutator morphism
If ℓ is sufficiently large, therefore, every element of order ℓ belongs to G ′ ℓ , which implies the lemma.
Proposition 3.8. If ℓ is sufficiently large and
For assertion (i), Lemmas 2.17, 2.18 (for k = 1), 2.19(ii) and (7) imply G ℓ =ρ ℓ (Gal K ) for ℓ ≫ 0, i.e., the mod ℓ reduction of ρ ℓ is already semisimple for ℓ ≫ 0.
For assertion (ii), we first perform a reduction. By Theorem 3.1, we may and do assume G ℓ is of bounded index in
, and let ∆ ℓ denote the inverse image of D ℓ in Γ ℓ . Then ∆ ℓ is normal and of bounded index in Γ ℓ , hence still Zariski-dense in G ℓ , and its commutator subgroup is still Zariski-dense in G der ℓ , so ∆
It follows that the left hand side of (7) (resp. (8)) does not change when Γ ℓ is replaced with ∆ ℓ (resp. Γ ′ ℓ is replaced with Γ ′ ℓ ∩∆ der ℓ ). The right hand side of (7) does not change by Proposition 3.6, and the right hand side of (8) could only increase in dimension when replacing G To prove (ii), we use Corollary 2.21 to replace (7) and (8) by conditions (ii-a) and (ii-b) for Γ = Γ ℓ and Γ = Γ ′ ℓ . We fix a finite extension F of Q ℓ over which F n decomposes as a direct sum of absolutely irreducible representations for Γ ℓ and Γ ′ ℓ . By Zariski-density, the decomposition of F n into irreducible G ℓ -representations coincides with its decomposition into irreducible Γ ℓ -representations, and likewise, the decomposition into G der ℓ -irreducibles coincides with the decomposition into Γ ′ ℓ -irreducibles. As every G ℓ -irreducible restricts to a G der ℓ -irreducible, the same is true for Γ ℓ -irreducibles and Γ ′ ℓ -irreducibles. Likewise, any (absolutely) irreducible G ℓ representations restricts to an absolutely irreducible G
then their reductions as the representations of G
′ (an integer independent of ℓ) by Lemma 3.7 and Theorem 2.1, we obtain
by looking at the C ′ th power morphism. Hence, for ℓ ≫ 0, we obtain ⊂ GL Q n ℓ be a lift of g. By (5), the following inequalities on the partitions of n hold for ℓ ≫ 0:
Since we have p F n ℓ = p Q n ℓ for ℓ ≫ 0 by Theorem 3.2(i), we obtain p g = p γ and γ is regular for ℓ ≫ 0. For ℓ ≫ 0, this implies the characteristic polynomials of γ on W 1 and W 2 are different. As p g = p γ , the characteristic polynomials of γ on the reductions of W 1 and W 2 are also different. We are done. 
as a normal subgroup with abelian quotient. Henceforth, we set
, and by Corollary 2.5, there exists a constant C > 0 depending only on n such that for all ℓ, 
Corollary 2.15 implies there exists some finite totally ramified extension F/Q ℓ so that the group scheme I/O F corresponding to ι F,Q ℓ (x 0 ) ∈ B(G sc ℓ × Q ℓ F, F ) is semisimple (i.e., the special fiber is so). The special fiber therefore has the same Dynkin diagram as G 
⊂ Γ ℓ under r ℓ (Proposition 3.8(i)). We define the commutants
Proposition 3.9. For all sufficiently large ℓ, there exist subgroups H ℓ and I ℓ of GL n (F ℓ ) with
Proof. As F is totally ramified over Q ℓ and I is smooth, the reduction map r I : I(O F ) → I(F ℓ ) is surjective. For ℓ ≫ 0, the following inequalities hold by the semisimplicity of I/O F , (11), Theorem 2.9(i), and Lemma 2.13:
(13) By Theorem 3.2(i), Corollary 3.3(i), and Lemma 2.11, we obtain for ℓ ≫ 0 that
. Hence, equality holds everywhere in (13). Therefore, we obtain
. By (9) and (11), we obtain the following inclusions
is a direct summand of End(Λ F ). By reduction modulo the maximal ideal λO F of O F , we obtain the reduction map
, all of which commute with
for ℓ ≫ 0, where the last equality follows from (10) and Proposition 3.8(ii). Since the representations of Γ ′ ℓ on F n ℓ (via r ℓ in (12)) and on L ℓ (via r λ ) have the same trace and the former one is semisimple for ℓ ≫ 0 (Proposition 3.8(ii)), the latter one is the semisimplification of the former one for ℓ ≫ 0. By (18) and Lemma 2.19(ii), we conclude that the two representations are isomorphic for ℓ ≫ 0. Identifying F n ℓ with L ℓ and defining G ′ ℓ , H ℓ , and I ℓ suitably, (17) becomes 3.4. Proofs of the theorems. We prove the theorems in §1. Theorem 1.3. Let {ρ ℓ } ℓ be the system of ℓ-adic representations arising as the semisimplification of the ith ℓ-adic cohomology of a complete smooth variety X defined over a number field K. We assume K is large enough that G ℓ is connected for all ℓ and G ℓ :=ρ ss ℓ (Gal K ) ⊂ G ℓ (F ℓ ) for all sufficiently large ℓ. Denote the image of Gal K under ρ ℓ by Γ ℓ . If the commutants of Γ ℓ and G ℓ have the same dimension for all sufficiently large ℓ, i.e.,
Proof. From §3.3, we have smooth group schemes H/Z ℓ and I/O F , and H ℓ and I ℓ satisfy the conditions of Proposition 3.9 for ℓ ≫ 0. We first show that H/Z ℓ is semisimple and
ℓ , H ℓ , and I ℓ respectively. Since the envelopes are connected semisimple (Propositions 3.9(ii) and 2.3(i)), have the same rank (Propositions 3.9(iii), 2.7, and 2.8(ii)), and the same commutant (Proposition 3.9(i)), they coincide by the Borel-de Siebenthal Theorem [BdS49] for ℓ ≫ 0. Then the following groups are comparable for ℓ ≫ 0 by Proposition 2.7, Theorem 2.1, and Lemma 2.11:
Hence, we obtain by Proposition 3.9(iv) that
Since the special fiber H F ℓ is connected ( §3.3), it is semisimple for ℓ ≫ 0 by Theorem 2.9(iv), which means that H/Z ℓ is semisimple and H(Z ℓ ) is hyperspecial maximal compact in G sc ℓ (Q ℓ ) [Ti79, §3.8].
To prove the theorem, it suffices to show that the inclusion Γ Without the hypothesis ( * ), we still have the following. Theorem 1.7. Let {ρ ℓ } ℓ be any system of ℓ-adic representations arising from the ith ℓ-adic cohomology of a complete smooth variety X defined over a number field K. Then the following statements hold for all sufficiently large ℓ. is unramified over a totally ramified extension of Q ℓ .
Proof. As in the proof of Corollary 1.6, there exists a Q-torus T Q such that T Q × Q ℓ is isomorphic to a maximal torus of G Theorem 3.10. [Fa83, FW84] ,(see also [Se84a] ) Let X be an abelian variety defined over number field K. Then the following statements hold for any finite extension L/K.
(i) The action of Gal L on T ℓ (X) ⊗ Z ℓ Q ℓ is semisimple and the map
is an isomorphism for every ℓ.
(ii) The action of Gal L on X[ℓ] is semisimple and the map
is an isomorphism for all sufficiently large ℓ.
We are now ready to prove Theorem 1.8.
Theorem 1.8. Let {ρ ℓ } ℓ be a system of ℓ-adic representations arising from the ith ℓ-adic cohomology of an abelian variety X defined over a number field K. Then Γ sc ℓ is a hyperspecial maximal compact subgroup of G sc ℓ (Q ℓ ) for all sufficiently large ℓ. Proof. Suppose i = 1. Let L/K be a finite extension such that ∆ ℓ := ρ ℓ (Gal L ) ⊂ G • ℓ (Q ℓ ) for all ℓ and D ℓ :=ρ ss ℓ (Gal L ) ⊂ G ℓ (F ℓ ) for all sufficiently large ℓ. Since the ℓ-adic representations H 1 (XK, Q ℓ ) and T ℓ (X) ⊗ Z ℓ Q ℓ are dual to each other, the system {ρ ℓ } ℓ is semisimple by Theorem 3.10(i). Since the F ℓ -representation X[ℓ] is semisimple for ℓ ≫ 0 by Theorem 3.10(ii), the mod ℓ representationρ ss ℓ associated to ρ ℓ is also dual to X[ℓ] for ℓ ≫ 0. Hence, we obtain Since H i (XK, Q ℓ ) ∼ = i H 1 (XK, Q ℓ ) for 0 ≤ i ≤ 2g, denote by i Γ ℓ and i G ℓ respectively the Galois image and the algebraic monodromy group of the representation H i (XK, Q ℓ ). Since 0 G ℓ is trivial and 2g G ℓ = G m is abelian, ( i G ℓ ) sc is trivial and the assertion is always true. For 0 < i < 2g, G ℓ → i G ℓ is always an isogeny, which implies Corollary 1.9. Let {ρ ℓ } ℓ be the system in Theorem 1.8. Let G be a connected reductive affine group scheme defined over Z[1/N] for some N ≥ 1 such that (i) the derived group scheme G der of G is simply connected; (ii) Γ ℓ ⊂ G(Z ℓ ) for ℓ ≫ 0; (iii) Γ ℓ is Zariski dense in G × Q ℓ for ℓ ≫ 0; Then the derived group [Γ ℓ , Γ ℓ ] is equal to G der (Z ℓ ) if ℓ ≫ 0.
Proof. For all sufficiently large ℓ, Γ 
